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Abstrat
A simple tehnique for the onstrution of gravity theories in Born-Infeld style is presented, and
the properties of some of these novel theories are investigated. They regularize the positive energy
Shwarzshild singularity, and a large lass of models allows for the anellation of ghosts. The
possible orrespondene to low energy string theory is disussed. By inluding urvature orretions
to all orders in α′, the new theories niely illustrate a mehanism that string theory might use to
regularize gravitational singularities.
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I. INTRODUCTION
The problem of the diverging Coulomb eld and self-energy of point partiles in Maxwell's
theory of eletrodynamis led Born and Infeld in the 1930s to the onstrution of a non-linear
extension of this theory [1℄ in whih a regularization is ahieved beause the eld strength
tensor Fab appears to all orders. A partiular appeal of Born-Infeld eletrodynamis is that
its ation an be expressed in the ompat determinantal form∫ √
− det(ηab + λFab) (1)
and, more importantly, it stems from the fat that the Dira-Born-Infeld ation resurfaes
in string theory as the low energy eetive ation [2℄ on the worldvolume of D-branes, by
apturing the degrees of freedom of open strings in an abelian bakground gauge eld. The
Born-Infeld parameter λ is then related to the inverse tension of fundamental strings, by
λ = 2piα′.
Einstein's general relativity is the fundamental building blok for the gravity setor of
superstring or M-theory whih onsistently unify gravity and the standard model of elemen-
tary partile physis. In supersymmetrized form, general relativity appears as the low energy
eetive theory (in ten or eleven dimensions). That it is plagued, like Maxwell eletrody-
namis, by singularities in the gravitational eld of point masses, thus an be onsidered
a major problem. Of ourse, string/M-theory predit orretions to general relativity at
higher orders in the urvature (orresponding to higher orders in α′), but no way has been
found yet to resum these orretions, as in the Born-Infeld ase, so to inorporate arbitrary
high powers of the urvature and to solve the problems inherent in Einstein gravity.
Inspired by Born-Infeld eletrodynamis, several attempts have been made in the on-
strution of gravity analogues. Deser and Gibbons [3℄ formulate three obvious riteria that
suh a theory should satisfy.
1. Freedom of ghosts.
2. Regularization of singularities.
3. Supersymmetrizability.
Some omments on these points are in order.
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ad 1. Responsible for the propagation of ghosts, in a perturbative expansion around
the Minkowski vauum spaetime, are the terms in the ation whih are quadrati in the
urvature. The only exemption from this rule is the quadrati Gauss-Bonnet ombination
√−g (R2 − 4R2ab +R2abcd) (2)
whih is a total derivative in four dimensions and for whih, in higher dimensions, the
quadrati terms in the perturbative expansion still anel up to total derivatives [4℄.
ad 2. In general, not all types of singularities an be removed, and not all of them should
be removed, as pointed out by Horowitz and Myers [5℄. They argue that ertain gravitational
plane waves are solutions to any general theory whose Lagrangian is a funtion of the metri,
the urvature and its ovariant derivatives. This is due to the fat that all urvature salars
of these spaetimes vanish. But the two polarizations of a plane wave an diverge, whih
leads to unbounded tidal fores. Hene, all extensions of general relativity will have solutions
with null singularities. Furthermore, negative energy solutions of general relativity, e.g., the
Shwarzshild solution with negative mass parameter, should not be regularized, sine this
would imply an instability of the Minkowski vauum. The singularities of negative energy
solutions serve as a useful riterion of unphysiality.
ad 3. Supersymmetrizability is a very stringent requirement and is presumably natural
if the gravity theory were implied by higher-dimensional string/M-theory.
It is illuminating to take a loser look at previous attempts to onstrut gravities in
Born-Infeld style. The disussion of [3℄, for instane, onsiders a Lagrangian of the form
(− det(c1gab + c2Rab + c3Xab))1/2 where the tensor Xab ontains terms of seond or higher
order in the urvature and the ci are arbitrary onstants. The simplest of these models
has c1 = 1 and c3 = 0. It is, of ourse, not ghost-free beause terms from Xab are needed
to balane those arising in seond order of the urvature expansion from Rab. This model
does not improve general relativity in the sense that it has the standard Shwarzshild (-de
Sitter) solution. Note that this an be explained intuitively. The Shwarzshild solution is
Rii at, and hene, its singularity an be reognized only from the seond order urvature
invariant R2abcd, but not from R
2
and R2ab. But this invariant does not our in the urvature
expansion of the above model, so that it may be unbounded in solutions. A theory that
plaes an upper bound on R2abcd is introdued in a rather ad ho way in [6℄, essentially by
adding c1(1− c2R2abcd)1/2 to the Einstein-Hilbert Lagrangian. The author of this paper nds
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non-singular blak hole solutions, whih underlines the importane of using the full Riemann
tensor in order to regularize gravitational singularities. Supersymmetri onstrutions, whih
will not be further disussed here, an be found in [7℄.
Making use of these insights, in this artile, a method is presented to onstrut a large,
and novel, lass of gravity theories in Born-Infeld style. Setion II introdues the basi
model and disusses some of its properties. In partiular, it is found that the positive mass
Shwarzshild singularity may be removed, whereas the negative energy solution remains
singular as is neessary for a stable Minkowski vauum. Setion III onsiders generalizations
of the basi model that allow for the anellation of ghosts. These generalized models are
ompared and mathed to the low energy eetive gravity ation following from string theory,
in setion IV. The artile onludes with a disussion in setion V.
II. THE BASIC MODEL
A. Ation and equations of motion
Start out with the following two basi requirements. In order to be as lose in spirit
as possible to the struture of Born-Infeld eletrodynamis, try to nd a gravity ation,
on a d-dimensional pseudo-Riemannian manifold with metri gab, whih an be written in
a nie determinantal form, and inorporate the full Riemann tensor in order to enable a
possible regularization of the singularities. Both requirements an be satised by using the
symmetries of the Riemann tensor alulated from the metri onnetion. It is antisymmetri
in two pairs of indies, i.e., it satises Rabcd = R[ab]cd = Rab[cd]. Introdue the symmetri
tensor
RAB ≡ R[a1a2][b1b2] (3)
whose apital indies take d(d−1)/2 values that an be imagined as ordered pairs of standard
indies. Along with this denition, introdue a new metri and Kroneker delta obeying the
same symmetries,
gAB ≡ ga1b1ga2b2 − ga2b1ga1b2 , (4a)
δAB ≡ δa1b1 δa2b2 − δa2b1 δa1b2 . (4b)
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These tensors an be used to upper and lower, or replae, apital indies as usual. For the
metri, a useful determinant formula holds,
det gAB = (det gab)
d−1 . (5)
This suggests the following basi model of a Born-Infeld type gravity, valid in an arbitrary
dimension d. Consider the ation∫
(− det(gAB + λRAB))ζ =
∫ √−g (det(δAB + λRAB))ζ (6)
with a parameter λ of the dimension length squared. The equality holds for an exponent
ζ = 1
2(d−1)
. Note, however, that one might start out from the ation on the right hand side
whih allows for dierent ζ . The only restrition appears to be a frational ζ beause a
possible regularization of singularities is only expeted from the appearane of all urvature
orders in the ation. A urvature expansion of the Lagrangian is equivalent to an expansion
around λ = 0 and, being a speial ase of equation (A9) with MAB = R
A
B and N
A
B = 0, gives
1 +
1
2
ζλ
(
R +
1
4
ζλR2 − 1
4
λR2abcd
)
+O(λ3) (7)
for the lowest orders. This shows that it is neessary to subtrat the osmologial onstant
that is impliit above, in order to obtain the Einstein-Hilbert Lagrangian in the limit λ→ 0.
The amended ation onsidered in the following is∫ √−g [(det(δAB + λRAB))ζ − 1] . (8)
For small λ this theory inherits all experimental tests of general relativity. The urvature
expansion, however, also shows that a quantization of this lassial theory would inlude
ghost modes beause the quadrati urvature terms do not appear in the Gauss-Bonnet
ombination; see (2) in the introdution. The anellation of the ghosts will be disussed in
the following setion III.
For the moment, it is useful to push on and to investigate some properties of this basi
model whih are arried over, at least qualitatively, to the more ompliated models. The
equations of motion are derived by varying the ation (8) with respet to the standard
spaetime metri gab. They read
(det(δ + λR))ζ
[
gcd + 1
2
ζλ (δ + λR)−1Ba1a2
(
gc[a1R
a2]d
B + g
d[a1R
a2]c
B
)]
− gcd
+ 1
2
ζλ δc[b1g
d[a1
(∇a2]∇b2] +∇b2]∇a2]) [(det(δ + λR))ζ (δ + λR)−1 b1b2a1a2] = 0 . (9)
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Terms in O(1) anel in the limit λ → 0. This is enfored by the subtration of the
osmologial onstant in the ation, whih is responsible for the subtration of the term
−gcd in the equations of motion. The seond line is of O(λ2) and vanishes. So, in O(λ),
Einstein's vauum equations Rcd − 1
2
Rgcd = 0 remain from the rst line, as they should.
B. Shwarzshild without singularities
Now onsider the analogue of the spherially symmetri Shwarzshild solution of general
relativity. It turns out to be easier, than using the equations of motion given above, to
derive an eetive ation for the metri ansatz
gab = diag(−A(r), B(r), r2, r2 sin2 θ) (10)
where the standard Shwarzshild oordinates are given by {t, r, θ, φ}. Suh an approah
usually is only valid in very speial situations, where it an be shown that the symmetry
redution by means of a spei ansatz and the variational priniple, used to derive the
equations of motion, ommute [8℄. This is true for the spherially symmetri ansatz and has
been widely used in the literature, e.g., in [9, 10℄. The eetive ation is obtained to be∫
dr rAB
[
1
2
A−7/6B−2
(
(λ+B(r2 − λ))(2rAB + λA′)2(2rB2 − λB′)2
×(4A2B2 − λ(AA′B′ + A′2B − 2AA′′B)))1/6 − 1] (11)
in four dimensions and with the exponent ζ = 1
2(d−1)
. (The results of this setion are expeted
to hold qualitatively for higher d and dierent frational exponent ζ as well. Five dimensions
and, for ζ , various frational values between zero and one have been heked numerially.)
Inspired by the general relativity solution, simplify by setting B = 1/A. Now again, it is
not immediately lear whether the eetive ation approah stays valid under this additional
assumption, and it is also not obvious whih symmetry might be responsible for that. The
spei solutions whih will be derived below, however, an be heked to satisfy also the
separate equations of motion for A and B following from the above ation. So here, B = 1/A
is admissible (this is, for instane, not the ase for the Einstein-Hilbert ation). The term
assoiated to the subtration of the minus one beomes independent of the funtion A and
an be dropped. Furthermore, the ation an be rewritten ompatly in terms of an auxiliary
funtion
D(r) = r2 + λ(A(r)− 1) (12)
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as ∫
dr r
(
DD′4D′′
)1/6
. (13)
The equation of motion, nally, beomes a fourth order ordinary dierential equation for
the funtion D(r),
5rD′4D′′2 − 2DD′2D′′ [13rD′′2 +D′(6D′′ − 5rD′′′)] +D2 [−40rD′′4
+8D′D′′2(12D′′ + 5rD′′′) + 5D′2 (−11rD′′′2 + 6D′′(2D′′′ + rD′′′′))] = 0 . (14)
The `trivial' solutions of this equation, analyti in r around r = 0, are c1r
3, c1r
2
and c1r+c2
for arbitrary onstants ci. Of these solutions, D(r) = r
2
gives Minkowski spae where
A(r) = 1.
In order to alulate the spherially symmetri gravitational eld, modied with respet
to general relativity, and to obtain Minkowski spae asymptotially, the boundary ondition
A(r) → 1 as r → ∞ has to be satised. This suggests a solution for D(r) in terms of a
power series, essentially in the inverse radius r−1,
D(r) = r2(1 +
∞∑
n=1
a3nr
−3n) , (15)
where it turns out that only every third term ontributes. A substitution of this expansion
into the equation of motion allows solving sequentially for the unknown oeients a3n that
are found to have the form a3n = b3na
n
3 for n > 1 and a set of positive numbers b3n, e.g.,
b6 =
11
94
, b9 =
1163
19317
... . From the Shwarzshild boundary ondition, A(r) ∼ 1 − 2m
r
as r
approahes innity, and from the denition ofD(r) in (12) follows a relation of the oeient
a3 to the Shwarzshild mass parameter m,
a3 = −2mλ . (16)
Look at the analogue of the positive energy Shwarzshild solution rst, i.e., set m > 0
and λ > 0. The onvergene of the power series solution breaks down for r3 < r30 ≡ |a3|.
A numerial solution of the dierential equation, for negative a3, an be obtained up to
this point whih turns out to be speial. At r0, the funtion D vanishes, but D
′(r0) > 0.
The equation of motion is satised by D′′(r0) = 0. The seond derivative at this point,
however, tends to zero with an innite positive slope and an innite negative urvature. So
the solution for D beomes singular at r0. In priniple, the numerial integration of the
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equation of motion ould be arried on to smaller values r < r0, but this would neessitate
an exat knowledge of the type of singularity involved.
Laking suh knowledge about the singularity of the solution at r0, it is still interesting to
ask whih solutions on the inner domain might math to the outer one. A way to integrate
further inwards is to simply assume a pole in the third derivative of D and to supply new
initial onditions at some value of r slightly smaller than r0. Another possibility is to look
for solutions to the equation of motion whih are analyti in r at r = 0 and obey the very
weak ondition that their funtion value math the outer solution at r0. The latter ase is
extremely restritive, and there are only two possibilities. The rst is the linear funtion
D(r) = D′(r0)(r − r0), and the seond is an identially vanishing D(r) ≡ 0. In any ase, it
is impossible to smoothly math all derivatives at r0. The outer solution and the possible
inner solutions are shown in gure 1; the numerially ontinued solution approximates the
linear D(r) to a high degree of auray. Note that all possible inner solutions regularize the
metri funtion A(r) at r = 0. The urvature singularities, however, are only regularized
by the inner solution with vanishing D(r). In this ase, one nds R = − 6
λ
, R2ab =
36
λ2
and
R2abcd =
6
λ2
throughout the inner domain.
The ompletely regularized solution is very interesting for the following reason. Vanishing
D(r) ≡ 0 orresponds to a Shwarzshild funtion A(r) = 1 − r2/λ on the inner domain
and thus gives the spherial solution a de Sitter ore. This senario is reminisent of the
`gravastar' piture, see [11, 12℄ and ompare [13℄. Based on the assumption of the inom-
patibility of the standard Shwarzshild spaetime with quantum mehanis, these authors
develop a setup in whih this spaetime is replaed, in the interior, by a segment of de Sitter
spae, separated by a shell, lled with a `quantum uid', from the exterior Shwarzshild so-
lution. These models are hoped to resolve among other problems the blak hole information
paradox. Intriguingly, the gravity model proposed here enfores the existene of a speial
radius at whih a de Sitter ore may be merged to an approximately Shwarzshild outer
domain, even without relying on the ad ho introdution of any quantum uid. Admittedly,
the physial interpretation of the positive energy solution near the speial point r0 has to
be worked out in more detail.
In the ase of the negative energy analogue of the Shwarzshild solution, the mass
parameter m is negative, whih makes the series oeient a3 positive (keeping λ > 0).
Now eah term of the power series solution diverges for small radii r3 < |a3|, so the whole
8
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Figure 1: The solid line shows the numerial solution obtained for the Shwarzshild funtion A(r)
for r > r0 = 0.1. The possible mathing solutions for r < r0 are plotted in wide dashes. The upper
urve represents an identially vanishing D(r), the two, very similar, lower urves are obtained,
respetively, from a linear D(r) and from numerial integration, as explained in the text. The urve
in lose dashes presents the standard Shwarzshild solution A(r) = 1 − 2mr of general relativity
with its horizon xed at the value r = 1.
series does, whih has also been onrmed numerially. Hene, the singularity of the negative
energy solution does not get regularized and marks this solution as unphysial. This is a
remarkable example of how a gravity theory improves the singularity situation by getting
rid of the annoying ones while keeping those whih are important for a stable Minkowski
vauum.
Some other points are interesting. The positive energy solutions of gure 1 whih just
regularize the metri funtion do only have a single horizon. The solution regularizing also
the urvature singularities has two horizons. This onrms and exemplies an argument of
[14℄, whih says that the number of horizons in a solution of higher derivative gravity that
regularizes the urvature singularities at r = 0 has to be even.
Figure 1 has been plotted for 2m = 1 and λ = 10−3, i.e., for the ratio 2m/λ ≫ 1. The
solutions undergo a qualitative hange for smaller masses. To see this, gure 2 shows the
numerial solutions for the same 2mλ but for dierent ratios 2m/λ. For masses that are
smaller than λ, the horizons disappear and the Shwarzshild funtion stays positive for all
values of r. This phenomenon has been hristened a `bare mass' in [6℄. The existene of
9
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Figure 2: The solutions of the Shwarzshild funtion A(r) for xed 2mλ = 10−3, but dierent
ratios 2m/λ = 102, 10, 1 from bottom to top. The losely dashed lines show the orresponding
Shwarzshild solutions of general relativity with their respetive horizons at 10−1/2, 10−1, 10−3/2.
suh small bare masses, however, is unlear. As will be seen below, in string theory, the
parameter λ would naturally be of the order of magnitude of α′. On the other hand, it is a
nie feature of a gravity theory that extremely small, but also extremely loalized, energy
utuations do only produe a small disturbane of Minkowski spaetime without a horizon.
III. CANCELLATION OF GHOSTS
Ghost freedom is a neessary requirement for any theory of gravity to be of possible
relevane in a fundamental unied quantum theory. To ahieve ghost freedom in gravity à
la Born-Infeld, one has to go beyond the basi model presented in the preeding setion.
While keeping the nie determinantal form of the ation, it is not suient to onsider
only terms of rst order in the urvature inside the determinant; seond order terms have
to be inluded as well. The most general ation, obeying the onstrution priniple of
antisymmetrized indies used above, is of the form∫ √−g [(det(δAB + λMAB + λ2NAB))ζ − 1] (17)
where MAB and N
A
B ontain all possible rst and seond order terms, respetively. Hene,
a urvature expansion of the ation diretly orresponds to an expansion in orders of the
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parameter λ. In general,
MAB = κRδ
A
B +R
A
B + µS
A
B , (18a)
NAB =
(
ρR2 + σR2ab + αR
2
abcd
)
δAB + βRR
A
B + τRS
A
B + γR
A
CR
C
B
+ δ1R
A
CS
C
B + δ2S
A
CR
C
B + ξS
A
CS
C
B + ω1R
A
1B + ω2R
A
2B + ω3R
A
3B (18b)
where fourteen new parameters our whih are denoted by greek haraters. The tensors S
and Ri are dened in the appendix, and some of their properties are given. Here, it sues
to say that S essentially ontains the Rii tensor, and the Ri present dierent ontrations
of two Riemann tensors.
Substituting the above expressions for M and N into the urvature expansion formula
(A9), one nds the following linear and quadrati terms,
1
2
λf0R +
1
2
λ2
(
f1R
2 − 4f2R2ab + f3R2abcd
)
, (19)
where some funtions fi of the parameters in the model appear. Ghost freedom is implied
by the Gauss-Bonnet ombination (2) of the quadrati urvature terms whih in turn follows
from the two equations f1 = f2 = f3. More speially,
f0 = 1 + (d− 1)(dκ+ 2µ) , (20a)
f1 =
ζ
4
f 20 −
d− 1
2
(dκ2 + 4κµ− 2dρ− 4τ)− κ− µ2 + β + 2ξ , (20b)
f2 = −d(d− 1)
4
σ − 1
2
(δ1 + δ2 − µ+ ω3) + d− 2
4
(µ2 − 2ξ) , (20)
f3 = d(d− 1)α + 1
2
γ − 1
4
+ ω1 + 2(d− 1)ω2 − ω3 . (20d)
This implies that there is a huge lass of ghost-free models; this lass is a thirteen-parameter
family beause the fourteen new parameters are only onstrained by the following two
equations,
d(d− 1)(σ + 4α) + 2(γ + δ1 + δ2)− (d− 2)(µ2 − 2ξ)
− 2µ+ 4ω1 + 8(d− 1)ω2 − 2ω3 − 1 = 0 , (21a)
ζ (1 + (d− 1)(dκ+ 2µ))2 − (d− 1)(2dκ2 + 8κµ− 4dρ− dσ − 8τ)
+ 2(δ1 + δ2 − µ+ ω3 − 2κ+ 2β)− (d+ 2)(µ2 − 2ξ) = 0 , (21b)
and the expansion parameter λ is free.
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Unfortunately, the equations of motion for these models, even in the simple ase of a
spherially symmetri spaetime, are extremely involved. It is expeted that, at least in
some ases, the nie features, and essentially the regularization property, of the basi model
of the preeding setion are kept. This has been heked, for instane, for the spei
parameter values λ 6= 0, β = − 1
24
and γ = 1
2
(with all remaining parameters vanishing). All
properties were found to be qualitatively similar.
Clearly, if the gravity theories in Born-Infeld form were expeted to play an important
role in any fundamental theory, one would need further physial priniples to narrow down
the wide range of possible hoies. One suh, very onstraining, priniple might be the
requirement of supersymmetrizability of the gravitational ation. Another might be the
idea that suh an ation ould be derived as an eetive ation from string theory, as it has
been possible in the ase of Born-Infeld eletrodynamis.
IV. CORRESPONDENCE TO STRING THEORY
Two dierent methods have been used to dedue the Born-Infeld ation from string theory.
One uses the Polyakov path integral [2℄, in whih the open string degrees of freedom are
integrated out, in order to derive the eetive ation for the appropriate bakground elds.
The other method requires onformal invariane on the string worldsheet and onstruts
the orresponding beta funtions [15℄. The onditions that they vanish an be obtained as
equations of motion from the eetive ation. The rst approah is not available in the
gravitational ase. The Polyakov path integral is the onneted generating funtional and
ontains the eet of massless poles, and so it should not have a meaningful low energy
expansion [16℄. The approah via the gravitational beta funtions is a valid one. This
has been shown, for example, in [17℄ for general string gravity bakgrounds, inluding the
antisymmetri tensor eld and the dilaton. But so far, this method has not been as suessful
as in the Born-Infeld ase. The eetive gravity ation derived from string theory is only
known for some low orders in the urvature.
Nevertheless, the known rst few orders of eetive gravity dedued from string theory an
be used to narrow down the hoie of parameters for the ghost-free models of the preeding
setion. This is done under the working hypothesis that suh an ation might indeed be
of importane in a fundamental theory. A ghost-free model has to be taken beause string
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indued gravity is ghost-free [18℄. The eetive ation employed here ontains urvature
terms up to the third order [19℄ and reads∫ √−g [R + α′Tr(R ·R) + α′2(1
2
Tr(R · R · R)− 1
12
Tr(R · R3)
+
3
2
Tr(S · R · R)− 3
8
RTr(R · R)
)]
(22)
where the notation introdued in the appendix has been used. For illustrational purposes,
and beause the Born-Infeld style gravities at present are purely bosoni theories, the ation
for a bosoni σ-model is used in this setion. In the supersymmetri ase, the situation
presents itself in a dierent light. Then the σ-models do not lead to third order urvature
orretions of the Einstein ation [20℄. Terms of fourth order, however, are important [21℄
and have been paid a lot of attention. This is also due to the fat that they are the rst non-
trivial, supersymmetrizable (see, e.g., [22, 23℄) orretions arising from string theories whih
are ompatied to four dimensions. The seond order terms appear in the Gauss-Bonnet
ombination, while the third order ones are not supersymmetrizable.
Note that the above ation does seem to ontain ghosts. This is beause string sattering
amplitudes, and beta funtions, are alulated for external gravitons that are on Einstein
shell, i.e., that satisfy the (linearized) vauum Einstein equations Rµν = 0. This means
that, in seond order of the urvature, the terms R2 and R2ab simply an be added with the
appropriate fators to ahieve the Gauss-Bonnet ombination [24℄ (the same an be eeted
by means of appropriate eld redenitions [17℄). More generally, it means that a string-
indued eetive gravity ation will never ontain any terms that involve at least twie the
Rii tensor or Rii salar. Upon variation, one of them will always remain so that these
terms vanish on shell, ompare [25℄. So the rst allowed simpliation in the Born-Infeld
gravity models, whih does not interfere with their onsisteny with string theory, is to set
ρ = σ = τ = ξ = 0; ompare equation (18).
In addition to the two equations (21) that enfore Gauss-Bonnet on the quadrati level,
there are further equations that onstrain the remaining parameters. The rst omes from
omparing the rst two orders of the urvature, see (19), and the string-indued ation,
α′f0 = 4λf3 . (23)
Four equations are derived from omparing the third order terms in the urvature expansion.
For this purpose, substitute (18) into (A9) and utilize the trae relations (A2)-(A5), whih
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leads to
α′2f0 = −4
3
λ2 (3γ − 1) , (24a)
α′2f0 = 24λ
2ω3 , (24b)
α′2f0 = −4
3
λ2 [γµ− µ+ δ1 + δ2 + 2ω2 + 2µ (ω1 + (d− 2)ω2 − ω3)] , (24)
α′2f0 = −4
3
λ2 [f0 {4ζ (ω1 + 2(d− 1)ω2 − ω3 + d(d− 1)α)− 8α+ ζ(2γ − 1)}
− 4 {κ(γ − 1) + β + 2κ (ω1 + 2(d− 1)ω2 − ω3) + 4µω2}] . (24d)
A last equation in the omparison at third order arises from the ombination Tr(R ·R1) that
is not present in the string-indued ation. It appears, however, in the urvature expansion
of the Born-Infeld style models, and so it has to anel. This simply gives the ondition
ω1 = 0 . (25)
So all extended Born-Infeld gravity models of the kind dened in setion III in (17)
whose parameters satisfy the onstraint equations (21) and (23)-(24) are onsistent with
string-indued eetive gravity at least up to third order of the urvature. In priniple,
this hek ould be ontinued to higher orders with the aim of nding further onsisteny
onditions (or possibly an inonsisteny with the theoretial σ-model preditions). This is,
however, not a very interesting task. More important is the following observation.
From the onstraint equations, it is lear that the expansion parameter λ is proportional
to the inverse string tension, λ ∼ α′. This, again, is very reminisent of Born-Infeld ele-
trodynamis, where the ation takes into aount all orders in α′ and, hene, all orders of
the eld strength tensor, whih is responsible for the regularization of the eletri eld of
point harges. The fasinating idea here is the suggestion of a very similar mehanism for
gravity. By taking into aount all orders of α′ in urvature orretions in the string-indued
gravity ation, string theory might resolve the singularity problems of general relativity. The
theories presented here are the rst examples of gravity theories doing just that. Whether
or not one of them is indeed derivable from string/M-theory annot be answered at present.
V. DISCUSSION
A simple reipe has been presented for onstruting gravity theories with an ation in
determinantal form, very similar to the ation of Born-Infeld eletrodynamis. The onstru-
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tion is based on the observation that the Shwarzshild singularity an only be reognized
from the seond order urvature invariant R2abcd, but not from those invariants onstruted
from the Rii tensor. Hene, a gravity theory that expets to ure singularities, by plaing
upper bounds on R2abcd, or otherwise, should inlude the full Riemann tensor. The atual
formulation of the new lass of theories presented in this artile utilizes the symmetries of
the Riemann tensor, onsidering only tensors with pairs of antisymmetrized indies.
For the simplest version of Born-Infeld style gravity, the analogue of the spherially
symmetri Shwarzshild solution has been analyzed. A dierent behaviour has been found
in dierent mass regimes. In all ases the Shwarzshild singularity, at least for the positive
energy solution, may be removed (a detailed disussion is found in setion IIB). For large
masses, ompared to some expansion parameter, the horizon remains; small masses, on the
other hand, beome `bare masses' without a horizon. The negative energy Shwarzshild
solution remains singular and is thus distinguished to be unphysial, whih is neessary
in order to have a stable Minkowski vauum onguration. The bare masses are a nie
feature in the sense that extremely small yet loalized energy utuations would only produe
small spaetime distortions, without generating horizons and thereby hanging the topology.
These harateristis make the new Born-Infeld style gravities nie examples of theories, in
whih the annoying singularities are removed, whereas the important ones remain.
It has been shown that extended models an be dened in whih the ghosts, in a pertur-
bative expansion around at Minkowski spaetime, anel. The improved behaviour of these
theories with respet to general relativity is kept, at least for some models. Unfortunately,
the alulations, even for the simple spherially symmetri spaetime, are quite involved, so
that it remains unlear whether all extended, ghost-free models have improved singularity
properties.
Ghost-freedom is essential, if the Born-Infeld gravities were expeted to be derivable
from an underlying, unied theory suh as string or M-theory. The onsisteny with string-
indued gravity, has been illustrated for a bosoni σ-model, at least up to third order in
the urvature. In heking this orrespondene, all inuene of the dilaton eld and of the
antisymmetri tensor eld of the string gravity bakgrounds has been negleted. It might
be of interest to pursue extensions of the Born-Infeld style gravities whih try to inorporate
these elds. The value of the string theory against gravity omparison is not so muh a
proof, showing exatly what kind of gravity is indued by string theory, but muh more the
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exhibition of the following interesting and important mehanism.
A way has been suggested in whih string theory, by inlusion of all orders of α′ or-
retions, orresponding to all orders of the urvature in the string-indued gravity ation,
might atually regularize gravitational singularities. The nal gravity theory indued from
string or M-theory thus is expeted to have at least all the good features of the gravities à la
Born-Infeld, whih are nie examples realizing this idea. Furthermore, it would probably be
supersymmetrizable, and it would be interesting to investigate whether any of the models
here has this property.
Appendix A: SOME TECHNICALITIES
This appendix ontains some alulations and denitions needed in the main text, es-
peially in setion III, whih onsiders the ghost-free models of Born-Infeld gravity, and in
setion IV, where these models are ompared to string-indued eetive gravity.
The following tensors are needed for the generalized models. They ontain the Rii
tensor at the rst order level (whih annot be obtained by traing RAB) and some speial
ombinations of two Riemann tensors in seond order of the urvature:
SAB ≡ Ra1b1δa2b2 − Ra2b1δa1b2 − (b1 ↔ b2) , (A1a)
RA1B ≡ Ra1a2cd (Rcb1db2 − Rcb2db1) , (A1b)
RA2B ≡ Ra1cdeRb1cdeδa2b2 − Ra2cdeRb1cdeδa1b2 − (b1 ↔ b2) , (A1)
RA3B ≡ Ra1cdb1Ra2cdb2 − Ra2cdb1Ra1cdb2 − (b1 ↔ b2) . (A1d)
These tensors and their produts, inluding also the Riemann tensor RAB, obey the following
important trae relations, in whih the notation (R · S)AB = RACSCB is used,
Tr δ =
d(d− 1)
2
, TrR = 1
2
R , TrS = (d− 1)R , (A2a)
TrR1 =
1
2
R2abcd , TrR2 = (d− 1)R2abcd , TrR3 = R2ab −
1
2
R2abcd , (A2b)
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and
Tr(R · R) = 1
4
R2abcd , (A3a)
Tr(R · S) = R2ab , (A3b)
Tr(R · R1) = 1
2
RabcdRcdefR
e f
a b , (A3)
Tr(R · R2) = 2Tr(SRR) , (A3d)
Tr(R · R3) = RabcdRcefaR efd b , (A3e)
as well as
Tr(S · S) = R2 + (d− 2)R2ab , (A4a)
Tr(S · R1) = 2Tr(S · R · R) , (A4b)
Tr(S · R2) = 2(d− 2)Tr(S · R · R) + 4RTr(R · R) , (A4)
Tr(S · R3) = −2RabRcdRacdb − 2Tr(S · R · R) , (A4d)
and
Tr(R · R · R) = 1
8
RabcdRcdefR
ef
ab , (A5a)
Tr(S · R · R) = RabRacdeRbcde . (A5b)
In all alulations involving tensors with antisymmetrized index pairs, are has to be taken
that a sum over apital indies is equivalent to a sum over unordered normal indies multi-
plied by a fator of one half, i.e., symbolially
∑
A
←→ 1
2
∑
a1, a2
. (A6)
The trae identities are neessary in order to evaluate the urvature expansion of the
Lagrangian, i.e., of the funtion
(
det(δAB + λM
A
B + λ
2NAB)
)ζ
(A7)
where M and N are of rst or seond order in the urvature, respetively. This urvature
expansion is equivalent to an expansion around λ = 0 and is obtained by using the matrix
formula
det(δ + C) = 1 +
∞∑
m=1
1
m!
(
∞∑
n=1
(−1)n+1
n
Tr(Cn)
)m
(A8)
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whih follows from the identity ln det(δ+C) = Tr ln(δ+C) and the series expansions of the
logarithm and the exponential. Up to third order, the result is
1 + ζ
[
λTrM + λ2/2
(
2TrN + ζ(TrM)2 − Tr(M2))+ λ3/6 (ζ2(TrM)3 + 6ζTrMTrN
− 3ζTrMTr(M2)− 6Tr(MN) + 2Tr(M3))+O(λ4)] . (A9)
Appendix B: CORRIGENDUM
Class. Quantum Grav. 21 (2004) 5297.
In the paper above, a method for the onstrution of novel gravity ations of Born-Infeld
type is presented. (Complete information on the Riemann tensor is enoded and ould
enable improved singularity behaviour, whih is embellished by relations to theories with
tidal aeleration bounds [26℄.)
A few points need orretion and lariation. Expression (11) for the eetive ation of
the basi model on stati spherially symmetri spaetimes is inorret; it should read∫
dr
√
ABr2
[
1
2r
A−2/3B−3/2
(
(λ+B(r2 − λ))(2rAB + λA′)2(2rB2 − λB′)2×
×(4A2B2 − λ(AA′B′ + A′2B − 2AA′′B))
)1/6
− 1
]
. (B11)
This orretion aets the term −1 within the square brakets of the original equation
in the paper whih is replaed by −(AB)−1/2r here. The urvature invariants on four-
dimensional de Sitter spae, given below gure 1, should read R = 12/λ, R2ab = 36/λ
2
and
R2abcd = 24/λ
2
, in the usual onvention that the Riemann tensor of a spae of onstant
urvature 1/λ is Rabcd = (gacgbd − gadgbc) /λ. The rst misprint was pointed out by Deser et
al. [27℄; subsequent omputations are unaeted.
Another important point has been raised by the authors of [27℄. Given any physial
theory in terms of its ation, it is generally not the ase that solutions to the equations
of motion of an eetive theory obtained by a trunation of the original ation (by means
of a spei ansatz for the relevant elds) are also solutions to the equations of motion of
the original theory. In other words, trunations in this sense and variation generally do
not ommute. Nevertheless, it has been shown [8℄ that the eetive ation (11) for a stati
spherially symmetri spaetime ansatz with two undetermined funtions A and B of the
radial oordinate may be onsidered.
18
In the paper, a further trunation of the stati spherially symmetri ansatz, setting
B = 1/A, has been used in deriving the eetive ation (13) and the equation of motion
(14). This trunation is not related to any symmetry; thus, equation (14) is neessary, but
not suient: any solution of the equations for A and B from (11) whih satises B = 1/A
solves (14), but the onverse is not generally true. Therefore, the validity of any solution
of (14) has to be heked by substituting it into at least one of the equations for A or B
from (11). The proedure of using the simpler equation (14) should be onsidered merely a
means of suggesting solutions for the original equations.
The paper gives c1r
3, c1r
2
and c1r + c2 for arbitrary onstants ci as solutions of (14).
Unfortunately, a hek of the validity of these solutions in the equations derived from (11)
was omitted, and we will do this hek now. We nd that c1r
3
is invalid. However, c1r
2
gives valid solutions, provided either c1 = −3 or c1 = 1, where the onstant c1 is determined
as a real solution of the equation 2|c1| = c1 + c21 (whih implies the equations from (11)
with B = 1/A). For the linear expression c1r + c2, a denominator vanishes in the equations
derived from both ations (11) and (13), so that this expression annot be a stationary
solution.
It has not been properly heked yet whether the previously given numerial solutions
of (14) are orret. Although a substitution of the solution into the equations from (11)
produes `small' errors, and although the error assoiated with the equation of motion for
A osillates around zero, suh a hek is not onlusive in many examples of dierential
equations. A proper hek would involve the integration of both equations for A and B.
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